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Energy recuperation of driven colloids in
non-Markovian baths

Félix Ginot & Clemens Bechinger

When objects move through a classical fluid, their motion is primarily gov-
erned by viscous friction, which is irreversibly converted into heat. At micro-
scopic scales, this energy dissipation presents challenges for applications,
such asmicroscopic heat engines andmicrorobots relying on externally driven
or self-propelled colloidal particles. In this study, we experimentally demon-
strate energy recuperation (ER) in a colloidal particle driven through a vis-
coelastic fluid, recovering up to 30% of the energy injected into the
surrounding medium as useful work. This effect, which significantly reduces
the friction experienced by the particle, arises from the time-delayed response
of the bath to external forces, preventing immediate relaxation to equilibrium.
As a result, energy is temporarily stored, enabling bidirectional energy
exchange between the non-equilibrium bath and the particle. Our experi-
mental results are in excellent agreement with a micro-mechanical model that
captures this delayed response, suggesting that similar energy recovery
mechanisms could be applicable to a broad range of non-Markovian envir-
onments, including critical fluids and active baths.

Friction fundamentally governs how energy is exchanged between a
particle and its surrounding medium. In Newtonian fluids, frictional
forces immediately dissipate energy as heat, leading to irreversible
losses. Formicron-sized colloidal particles, viscous friction is so strong
that motion ceases almost instantaneously once external forcing is
removed1. This behavior is characteristic of Markovian dynamics,
where the system’s evolutiondepends only on its current state, with no
memory of past interactions.

However, many real-world environments deviate from this idealized
Markovian picture and instead exhibit a time-delayed response to
external forces2. In such cases, frictional forces do not immediately dis-
sipate energy as heat but instead cause the surrounding bath to be
temporarily driven out of equilibrium, significantly altering energy
exchanges3–5. This behavior can arise fromhidden environmental degrees
of freedom6,7, complex particle-medium interactions8–10, or external
feedbackmechanisms11. As a result,memory effects are ubiquitous across
physical systems, including colloidal suspensions and glasses12,13, critical
mixtures14,15, active matter16,17, polymers18,19, and biological fluids20,21.

A key consequence ofmemory effects is thus that energy can be
temporarily stored within the bath rather than dissipating

immediately. This effect is particularly pronounced in viscoelastic
media, where the storage and loss moduli can be measured using
microrheology. In such systems, this delayed energy relaxation has
been linked to enhanced transport properties22–24, accelerated bar-
rier crossing25–27, and higher efficiency in micro-engines28,29. How-
ever, its potential to recover dissipated energy as useful work
remains largely unexplored.

In this work, we systematically investigate how non-Markovian
baths facilitate energy recuperation (ER) in a driven colloidal system.
Using stochastic thermodynamics, we study energy dissipation and
recovery for a particle in a harmonic trap inside a viscoelastic fluid,
which acts as a model non-Markovian bath. We show that a significant
fraction (30%) of the transferred energy can be recuperated as useful
work when an optimal periodic driving protocol is applied. Crucially,
ER is maximized when the forcing timescale matches the relaxation
time of the bath. To validate our findings, we develop a minimal
micromechanical model, confirming that energy recovery is a generic
feature of non-Markovian environments, and extends broadly to soft
matter and biological systems with slow relaxation processes. These
findings open newpossibilities for reducing dissipation inmicroscopic
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systems, including heat engines30,31, microrobotics32, microfluidic
devices33, and targeted drug delivery34,35.

Results
Experiments
Our experiments are performed using silica particles with a diameter
of 2.73μm contained in a 100μm-thick capillary containing a viscoe-
lastic fluid (as described below), which serves as a model non-
Markovian bath. The particle is confined within a three-dimensional
optical trap by a highly focused laser beam (100× oil immersion
objective) with wavelength 1064 nm. The optical potential is well
described by V ðx, λÞ= 1

2 κðx � λÞ2, as confirmed by the probability dis-
tribution of the particle for a static trap. Here, x and λ denote the
positions of the particle and trap center, and κ the trap stiffness,
respectively. To avoid the possible influence of surface interactions,
the trap center was located near themid-plane of the capillary. For the
application of periodic forces to the particle, the trap position λ(t) was
varied according to a protocol described below using a piezo-actuated
stage. Particle positions were recorded with a video camera with a
frame rate of 100Hz and a spatial resolution of ±6 nm.

To demonstrate the generic character of our findings, we have
used three classes of fluids which exhibit non-Markovian dynamics
but strongly differ regarding the mechanism and time scale of
relaxation. (i) a 8 mM aqueous solution of cetylpyridinium chloride
monohydrate (CPyCl) and sodium salicylate (NaSal), which form a
highly dynamic (living) network of giant worm-like micelles
(WLM)36,37. The corresponding relaxation time has been determined
via recoil experiments38,39 to τ ≈ 6 s (for details, we refer to the
Methods). (ii) a semidilute (0.63 wt%) solution of polyacrylamide
(PAAM) polymers whose relaxation is governed by a rather complex
reptation mechanism40,41. For the PAAM concentration considered
here, the dominant relaxation time is τ ≈ 2 s. (iii) a suspension
(10 g L−1) of rather rigid tobacco mosaic viruses (TMV). Due to steric
interactions between the rigid rod-like capsids42, the system presents
time-delayed dynamics with a relaxation time of τ ≈0.2 s. For com-
parison, we also performed experiments in entirely viscous solutions
of water-glycerol (50:50) mixtures. The relaxation time of such
molecular fluids is far below our experimental timescale, i.e., the fluid
is not excited out of equilibrium by a driven particle. In themain text
we mostly discuss the results obtained from the micellar solution,
but all three systems present qualitatively similar results. All fluids
were kept at 25∘C. For more information regarding sample prepara-
tion and setup, we refer to the methods.

Driving cycle and observables
The upper part of Fig. 1a, b schematically describes the driving
protocol applied in our experiments. It consists of four steps and is
quantified by the protocol parameter λ(t) characterizing the time-
dependent trap position. ① Starting from a fully equilibrated state,
we first move the trap to the right with constant velocity
_λ=0:19μms�1 during a time interval td = 3 s (blue line in the main
graph). Due to viscous friction, themean particle position ( xðtÞ� �

, red
line) is slightly lagging behind the trap, and the particle goes up in
the potential. During ②, the trap motion is paused for a time tneq
while the particle starts to relax towards the resting trap center. For
the conditions shown in Fig. 1c, tneq was chosen sufficiently small to
prevent full relaxation of the particles, as clearly seen by the dis-
placement between λ and xðtÞ� �

at the end of the pausing period.
Note that experimentally there is a minimum value of tneq > 0.1 s due
to the finite response time of the stage. Eventually, during (step ③)
the trap is shifted back with opposite velocity _λ= � 0:19μms�1 to its
initial position. Due to the incomplete relaxation during step ②, the
averaged particle trajectories are not symmetric during steps ① and
③. In the final step ④, the system is allowed to fully return to thermal
equilibrium during time teq = 50 s. To obtain sufficient statistics when

computing averages, the above cycle is typically repeated at least
100 times for each data point.

Within the framework of stochastic thermodynamics, the work
performed on the particle during the cycle is given by43

W ½xðtÞ�=
Z t

0

∂V
∂λ

_λd t = �
Z t

0
κðx � λÞ _λd t ð1Þ

According to the first law of thermodynamics δW = dU + δQ, work is
associatedwith changes of the inner energy dU and heat δQ dissipated
within the bath. In case of a viscous (Newtonian) fluid with rapidly
decaying excitations, the only sourceof internal energy is the potential
energy of the trap, which leads to dUNewtonian = dV.

However, due to the presence of a non-Markovian environment, a
finite amount of energy, dUbath, can be temporarily stored in the bath,
which becomes transiently excited out of equilibrium. In the case of
WLM, this corresponds to deformation of the filamentous network,
which stores elastic energy. Other non-Markovian baths-such as glassy
systems44 or critical fluids45-may rely on different mechanisms for
energy storage. This additional contribution supplements the poten-
tial energy of the particle in the optical trap, so that the system’s
internal energy is given by

dU =dV +dUbath: ð2Þ

This excess energy is slowly converted into heat as the bath relaxes to
equilibrium over time τR. Accordingly, the energy conservation reads

δW = dV +dUbath + δQ: ð3Þ

Because Ubath is stored in the hidden, i.e., experimentally not acces-
sible, degrees of freedom of the bath, it is by definition not accessible
experimentally. However, δW and dV can be measured, which enables
us to determine the total energy exchanged with the bath:

δE = dUbath + δQ= δW � dV : ð4Þ

As shown further below, a distinction of the two contributions of E
within the studied non-Markovian baths can be obtained using a
simple micromechanical model.

Figure 1 c shows the averages of time-dependent work Wh i (blue),
potential energy Vh i (orange), and exchanged energy with the bath Eh i
(red) for tneq = 1 s. Because the cycle starts at equilibrium,
W ð0Þ� �

= Eð0Þ� �
=0 and V ðt =0Þ� �

= 1
2 kbT . During step ①, where the

particle is displaced from the center of the trap due to viscous friction,
Vh i increases monotonically. As the optical force acts along the
direction of the trap motion, work is performed and Wh i also increa-
ses. In addition, the particle injects energy into the bath while moving
through the fluid, leading to an increase of Eh i. As the system starts
fromequilibrium, the corresponding energy changes during step① are
denoted asΔWeq,ΔVeq, andΔEeq, respectively.During step②, the trap is
at rest and _λ=0. No further work is performed and Wh i remains con-
stant (see Eq. (3)). The particle relaxation within the trap reduces Vh i
but Eh i continues to increase due to the particle motion relative to the
fluid. Up to this point, the behavior is comparable to the situation in an
instantaneously relaxing bath. When the trap velocity is reversed
during ③, the influence of memory becomes evident, as the energy
transferred to the bath, Eh i, exhibits a pronounced non-monotonic
behavior. At first glance, this could suggest a temporary decrease in
system entropy. However, this interpretation is excluded by the use of
a harmonic potential, which ensures constant entropy throughout the
motion. This is confirmed by comparison with a purely viscous,
memoryless fluid: in that case, all applied work is dissipated as heat,
and Eh i increases monotonically over time (see Fig. 4a in “Methods”).
Clearly, the energy exchange between the particle and the viscoelastic
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fluid during step ③ differs fundamentally from that in step ①, despite
the fact that the trap motion is simply reversed and the mean particle
velocity _x remains nearly identical (Fig. 1b).

Because the heat Qh imust always increase on average, the initial
decrease in Eh i during step ③ must originate from a decrease of
Ubath

� �
. This is a clear signature of the hidden degrees of freedom of

the bath, capable of both absorbing energy and releasing it back to
the particle on timescales of seconds. While previous experiments
have attributed energy transfer from the bath to the particle to
thermal fluctuations observable at the single-particle level46,47, a key
distinction here is that the energy transfer we report persists on
average over many trajectories, indicating a deterministic compo-
nent arising from the non-Markovian nature of the bath. In the fol-
lowing, we refer to the amount of energy transferred from the bath to
the system, up until Eh i reaches a local minimum, as ER (see Fig. 1c).
As the system starts out of thermal equilibrium, the corresponding
changes in work, potential energy, heat, and exchanged energy
during step ③ are denoted as ΔWneq, ΔVneq, and ΔEneq, respectively.
Before discussing the physical origin of ER, we want to highlight that
both Vh i and Wh i also exhibit a non-monotonic behavior, similar to
Eh i, during step ③. This is however fully expected, and simply arises
from the storage and recovery of potential energy, which can also
happen in a viscous bath (see Fig. 4a in “Methods”).

To ensure that our findings were not specific to a single fluid, we
conducted additional experiments using tobacco mosaic virus (TMV)
and PAAM polymer solutions, both of which exhibit time-delayed
responses. In both cases, we consistently observed ER (see Fig. 4c, d in
“Methods”). However, as expected, this effect was absent in a purely
viscousfluid (see Fig. 4a, b in “Methods”), reinforcing that it arises from
the bath’s non-Markovian properties rather than from the particular
fluid used in the main experiment.

Microscopic model
To rationalize our experimental findings, we conducted numerical
simulations based on a minimal micro-mechanical model. This model
describes the coupling between the colloidal particle and the viscoe-
lastic fluid by introducing a fictitious bath particle connected to the
colloid via a harmonic spring (see Fig. 1d inset). This setup effectively
captures the time-delayed response of the bath, with the spring
accounting for the slow hidden degrees of freedom that can store
energy. Consistent with our experimental measurements, we define
the system under study as only the colloidal particle and the harmonic
potential. While one could theoretically employ a Markovian embed-
ding by including the bath particle within the system-a framework that
would recover classical Markovian dynamics-this requires direct
access to hidden degrees of freedom that are often impractical to
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Fig. 1 | Experimental protocol and observables. a Sketch of the periodic driving
protocol.① Starting fromequilibrium, the trapmoves at constant speed to the right
_λ during time td. Due to viscous forces, the motion of the trap causes the dis-
placement of the initial position of the particle (red) in the center of the trap to the
left wing (faded red). ② Pausing the trap motion for a time tneq causes partial
relaxation of the particle back to the center of the trap. ③ Moving the trap at the
same speed back to the left leads to an asymmetric particle displacement com-
pared to①.④Pausing the trapmotion for a time teq leading to full equilibriumof the
system. b Time dependent and averaged positions of the trap λ(t) (blue) and the

particle xðtÞ� �
(red) during a typical experimental protocol, with td = 3 s, tneq = 1 s,

and tneq = 50 s. c Time dependent average work Wh i (blue), exchanged energy Eh i
(red) and potential energy Vh i (orange) obtained from the same protocol. d Time
dependent average work Wh i (blue), heat Qh i (dark red), and internal energy Uh i
(dark green) obtained from the model. The green and orange areas correspond to
the fraction of U associated with V and Ubath, respectively. Inset Micro-mechanical
model of colloidal particle trapped within a viscoelastic bath, used for numerical
simulations.
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measure in complex experimental systems. Given these limitations, we
argue that our approach of coarse-graining these slow-decaying hid-
den degrees of freedom into a non-Markovian bath provides a more
practical and insightful framework. The resulting non-ideal bath is
evident within the Generalized Langevin Equation (GLE) framework
(see “Methods”), where the noise term is now colored. Despite its
simplicity, this model is well-supported by experimental studies in
various viscoelastic solutions23,26,38,39.

Considering an additional external potential V ðxÞ= 1
2 κðx � λÞ2,

the positions of the colloidal particle (x) and the bath particle (xb) are
described by the following Langevin equations:

γ _x = � κbðx � xbÞ � κðx � λÞ+ ξðtÞ ð5Þ

γb _xb = � κbðxb � xÞ+ ξbðtÞ ð6Þ

where γ and γb represent the friction coefficients of the colloidal and
bath particles, respectively, and κb is the coupling strength between
them. ξ and ξb are independent, delta-correlated random forces with
zero mean.

Although the two coupled Langevin equations can be reformu-
lated as a single GLE with an exponentially decaying memory
kernel48,49, we favor themicro-mechanical model used here. In the GLE
framework, viscoelasticity is encoded in a memory kernel, from which
one can derive the storage and lossmoduli,G0 andG″-standard tools in
microrheology (see “Methods”). However, the GLE treats memory as
an effective response,without revealing its physical origin. By contrast,
this micro-mechanical model explicitly includes internal degrees of
freedom of the bath, providing a clearer physical picture of how
energy is stored and released. It also facilitates direct calculations of
stochastic observables (see “Methods”), making it both more intuitive
and more versatile for our study.

The system exhibits two characteristic timescales: one for the
relaxation of the colloidal particle inside the trap, τt = γ/κ ≈0.2 s, and
another for the bath particle. Since the colloidal particle remains con-
fined within the optical potential throughout the experiment, the
overall system’s relaxation is dominated by the bath particle’s relaxa-
tion time, given by τb = γb/κb ≈6 s. All material-specific parameters of
the model (γ, γb, and κb) were determined by fitting the experimentally
measured work, potential energy, and exchanged energy (see Fig. 5 in
the “Methods” section). For the viscoelastic micellar solution studied in
Fig. 1, the corresponding values are γ =0.34μN sm−1, γb = 6.33μN sm−1,
and κb = 1.06μNm−1 (see Table 1).

From this, we immediately obtain Wh i (blue line) and Vh i (orange
area), as shown in Fig. 1d, which nearly perfectly match the experi-
mental data. We can now also compute the total internal energy Uh i
(dark green line) and the stochastic heatQ =W −U (dark red line), both
of which are plotted in Fig. 1d. It is worth noting that Q can also be
directly calculated from the motion of the colloidal and fictitious bath
particles (see “Methods”). The fraction of internal energy storedwithin
the bath, Ubath =

1
2 κbðx � xbÞ2, is represented by the light green area.

Within ourmicromechanical model, the ER process is understood
as follows: When the colloidal particle is driven to the right (①), the
spring connecting it to the bath particle becomes stretched, increasing
Ubath. During ②, when the trap is held stationary for a time tneq, the
spring begins to relax, causing a decrease in Ubath. In particular when
tneq < τb, the relaxation is incomplete, explaining why Ubath decreases
only slightly during ②. Upon moving the trap back to the left in ③, the
colloidal particlemoves against the still-extended spring, which results
in a rapid release of Ubath, part of which is effectively converted into
useful work. Themodel also clarifies that the experimentallymeasured
ER includes two contributions: a (negative) energy transfer from Ubath

and V, and a (positive) contribution fromheat dissipationQ, generated
by the particle’s motion. Notably, the slope of Q (the rate of heat

dissipation) during step ③ is substantially lower than during step ①,
confirming that a significant portion of the bath’s stored energy is
recovered as mechanical work rather than lost as heat. As a result,
although the amplitude of the particle’smotion is similar in both steps,
the friction experienced by the particle on the return path is sig-
nificantly reduced.

Optimization of energy recuperation
Our model suggests that ER is linked to the non-equilibrium nature of
the bath, and thus heavily depends on the partial relaxation step and
the duration of tneq. Figure 2a shows the measured amount of ER
during ③ (symbols) as a function of tneq/τb. Consistent with our model
(solid lines), ER decreases with increasing tneq and approaches zero

when tneq ≳ τb. When comparing the measured values of ΔW neq

D E
,

ΔVneq

D E
, and ΔEneq

D E
, good agreement is found between experi-

ments and the model, particularly for tneq/τb ≤ 1. Opposed to merely

viscous baths, in our experiments ΔWneq

D E
is systematically lower

than ΔVneq

D E
when tneq/τb≪ 1, confirming that additional energy can

be extracted from the bath. As a side note, we mention that the

agreement between experiments and the model can be significantly
improved by adding a second bath particle38, resulting in an additional
relaxation time (see Fig. 5b in “Methods”).

Since recuperated energy must have been previously injected into
the bath, a strong correlation between the amount of ER and ΔEeq-the
energy injected into the bath during ①-is expected. Due to energy con-
servation, this must hold both for averaged values but also on a single
trajectory level. This is confirmed in Fig. 2b, which shows the experi-
mental data for different values of tneq under the given protocol. As tneq
increases, the system has more time to relax, resulting in a decrease in
both ER and its correlation with ΔEeq. For very large tneq, the previously
injected energy is fully dissipated as heat, causing both ER and any
correlations to vanish. Notably, for tneq = 1 s, we typically recover ~30%of
the energy that would otherwise have been lost to the bath.

Naturally, when a particle is driven in a viscoelastic fluid, some of
the work is temporarily stored in the bath-a well-known consequence
of the fluid’s storage modulus, often illustrated using Lissajous
curves50. However, we have shown that this stored energy can subse-
quently be reinjected into the particle, allowing it to perform useful
work. This process of ER can help mitigate frictional losses, a common
challenge for micromachines operating in fluid environments.

This process bears some resemblance with the operation of a
classical heat engine, where a piston moves within a cylinder con-
taining a compressible working gas. In such engines, energy is cycli-
cally injected and extracted through the compression and expansion
of the gas, with part of the input work stored temporarily as internal
energy and the rest dissipated as heat due to friction and other losses.
Similarly, in our system, the colloidal particle (piston) is periodically
driven within a harmonic trap (cylinder) immersed in a viscoelastic
fluid (workingmedium). During forwardmotion, the particle squeezes
the viscoelastic network, analogous to compressing a gas, thereby
injecting energy into both the trap and the surrounding medium. Due
to the fluid’s delayed response, a fraction of this energy is stored
elastically in the bath’s internal degrees of freedom rather than being

Table 1 | Model parameters used for the simulations in the
manuscript

κ γ γb κb
(μNm−1) (μNsm−1) (μNsm−1) (μNm−1)

1.95 0.34 6.33 1.06

1.28 0.19 10.6 1.09

κ = 1.95μNm−1 was used for Figs. 1 and 2. κ = 1.28 μNm−1 was used for Fig. 3.

Article https://doi.org/10.1038/s41467-025-66191-z

Nature Communications |        (2025) 16:10114 4

www.nature.com/naturecommunications


immediately dissipated. Upon reversing the trap motion, part of the
stored energy is released and can be reinjected into the system, ana-
logous to the expansion stroke of the piston where stored energy
contributes to useful output. However, just as inmacroscopic engines,
not all energy is recovered; viscous friction leads to irreversible heat
dissipation, thereby limiting the efficiency of the cycle.

As a measure of the fraction of irreversibly lost energy (heat)
during a cycle, we define the work ratio Σ =ΔWneq/ΔWeq, which can be
directly obtained fromour data. In Fig. 3, we plot Σ as a function of the
driving time td, for cycles with a fixed particle displacement of Δx =
0.56μm and tneq = 1 s. With this definition and sign convention, we
have −1 < Σ < 1, where the lower limit Σ = − 1 represents the dissipation-
free case-where the work expended during step ① is fully recovered
during step ③, so that ΔWneq = −ΔWeq. The upper limit, Σ = 1, occurs
when all energy spent and released during compression and expansion
is dissipated as heat, thus ΔWneq =ΔWeq.

To understand the minimum in Σ, we recall that the system’s
internal energy, U = V +Ubath, is the sum of the particle’s potential
energy in the optical trap (V) and the elastic energy stored in the
bath (Ubath). Both V and Ubath are excited when the particle is driven
by the trap, but they relax at very different rates: τt = γ/κ ≈0.2 s for V,
and τb = γb/κb ≈ 6 s for Ubath. Because of this disparity, energy is first
primarily stored in the faster channel (V), with the slower bath
channel (Ubath) responding more gradually. Only when the system
has reached a non-equilibrium steady state (NESS) will both chan-
nels be fully loaded. However, in our experiments, this steady state
is generally not reached, and the energy partition between the two
components depends sensitively on the driving time td. For short
driving time td (corresponding to higher trap velocities), most of the
work is stored in V (the faster channel). But since τT≪ tneq, this
energy rapidly dissipates as heat during step ②, resulting in a higher
value of Σ. As td increases, a larger fraction of the work begins to
accumulate in Ubath, the slower channel. Although the system has
more time to relax in this regime, the relaxation of Ubath remains
intrinsically slow, which limits heat dissipation during step ② and
thereby lowers Σ. This trade-off results in a minimum of Σ at inter-
mediate driving velocities, where energy is preferentially stored in
the slow channel but not yet entirely dissipated. For large td values,

the resulting trap velocities get very low, and the system approaches
quasi-equilibrium. Thenmost of the work is once again dissipated as
heat, driving Σ back toward unity.

For comparison, we include the results of a Langevin simulation for
a particle undergoing the same cycle in aNewtonian liquidwith the same
zero-shear viscosity (dashed line). As expected, slower trap movement
allowsmore time for relaxation, leading to a higher Σ. Notably, for awide
range of td> 1 s, Σ in a viscoelastic bath is lower than that of a Newtonian
liquid with identical zero-shear viscosity. This demonstrates that heat
losses in a periodic driving protocol can be reduced by utilizing envir-
onments with additional slowly relaxing degrees of freedom.

Discussion
In this work, we have demonstrated that a colloidal particle driven in a
non-Markovian environment can recover a significant fraction of the
energy it injects into the medium. The delayed response of the bath
leads to a transient accumulation of internal energy, setting the med-
ium out of equilibrium. This stored energy is then partially reinjected
into the particle as useful work, effectively reducing dissipation.

While viscoelastic fluids are already known to store mechanical
energy, our study establishes that this energy can be systematically
recovered in a controlled manner. By studying three different viscoe-
lastic fluids and validating our results with a micromechanical model,
we confirm that ER is not an artifact of a specificmaterial but a generic
consequence of a bath’s time-delayed response. This makes ER a
broadly applicable mechanism, relevant to a variety of soft matter
systems with memory effects.

Furthermore, we show that ER can be optimized by carefully
tuning the driving protocol. Specifically, maximal energy recovery
occurs when the forcing timescale matches the characteristic relaxa-
tion time of the bath. This highlights the possibility of engineering
dissipation inmicroscopic systems by adapting external forcing to the
bath’s intrinsic timescales.

Beyond reducing energy losses in driven or self-propelled parti-
cles-relevant for various applications51-ER could play a crucial role in
the design of microscopic colloidal engines. Previous experimental
realizations of colloidal Stirling and Carnot engines30,31,52 have largely
avoided mean translational motion due to the strong viscous friction

a b

-10

-5

0

5

10

15

0.1 1 0 5 10 15 20 25 30 35
0

2

4

6

8

10

Fig. 2 | Energy recuperation and correlations. a ΔWneq
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(orange), and ER amplitude (black) for increasing values of tneq/τb.

Simulations (lines) initially showgood agreementwith experiments (symbols), with
systematic deviations for larger values of tneq/τb. Error bars correspond to the

standard error of mean (SEM), and are not shown when smaller than symbols.
b Correlation between ΔEeq and ΔEneq for tneq = 1, 3, and 10 s (dark to light red).
Symbols correspond to experimental data, dashed-lines to simulations. The New-
tonian bath doesn’t exhibit any correlation (black dashed-line).
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of the solvent. Instead, these studies focused on variations in particle
fluctuations53 within a stationary trap with time-dependent stiffness,
immersed in a temperature-modulated heat bath. While effective, this
approach limits the amount of extractable work and makes it difficult
to harness mechanical energy for practical applications.

By leveraging ER, colloidal micro-engines capable of cyclic
forward-backward motion-akin to a piston in a macroscopic heat
engine-become feasible. This not only increases the amount of
extractable work but also enables direct mechanical coupling to
components such as gears and axles. More broadly, since ER arises
from the bath’s memory rather than specific material properties, we
expect similar energy recovery effects to be relevant in other non-
Markovian environments, such as critical fluids15, activematter54,55, and
glassy systems44,56. These systems exhibit tunable relaxation times,
offering new opportunities to control dissipation and improve energy
efficiency in microscopic machines.

Methods
Solution and sample preparation
The principal experiments were conducted utilizing 2.73μm silica
particles procured from microParticles GmbH®, which were dispersed
in a 8 mM equimolar solution comprised of CPyCl monohydrate (99%,
Sigma®) and sodium salicylate (99.5%, Sigma®). The mixture was sub-
jected to slow agitation at a rate of 100 rpm for 24 h at 45 ∘C to ensure
thoroughmixing. Subsequent to this, the temperature was reduced to
25∘C to facilitate sample storage while maintaining the agitation rate.
Under such conditions, the fluid forms giant WLM, characterized by a
tube diameter of ≈3 nm, a persistence length of ≈10 nm, and a mesh
size of ≈30nm, exhibiting pronounced viscoelastic properties36,37.
Notably, the system can be aptly characterized by a single time-scale,
determined to be ≈6 s through recoil experiments38.

To prepare a sample, we first put 1mL of the solution into an
Eppendorf® tube and add ≈0.5μL of a concentrated solution of 2.73μm
silica particles. Subsequently, a 100μm thick capillary (Rectangle Boro

Tubing, VitroTubes®) is immersed in the solution, which immediately
fills with the fluid due to capillary forces. The capillary is then sealed
using bee wax (Hampton Research®), supplemented by a layer of two-
component epoxy glue at both ends to ensure chemical inertness and
mechanical stability of the seal. The capillary is affixed onto a glass slide
to facilitate handling. The glass slide is engineered with a central win-
dow to allow the capillary to remain suspended. To achieve complete
equilibration, samples are typically maintained 48 h on a temperature-
controlled sample holder before the start of the experiment. To
enhance reproducibility, the data presented in Fig. 1 and Fig. 2 were
derived from the identical sample of the same solution. In contrast, the
data depicted in Fig. 3, were obtained using a secondary solution.

Particle detection
Particle illumination is achieved using a conventional Köhler config-
uration, incorporating a blue LED illumination source (470 nm), and a
high numerical aperture (0.78 NA) condenser lens (Thorlabs®

CSC2001). The collected light is transmitted through the objective,
and the particle image is projected onto a CCD camera (Basler®

cA2040-120uc). This system operates at 100 frames per second (fps),
with a region of interest (ROI) measuring 100 × 100 pixels. Typically,
the particle image manifests as a bright spot with a Gaussian profile
centered against a darker background. Detection of the bright spot is
conducted via a customized algorithm inspired by ref. 57. Initially, this
algorithm applies a Gaussian filter with a kernel size commensurate
with the particle dimension (15px) to achieve image smoothing. It then
identifies the brightest pixel and fits a second-order polynomial to
measure the particle position with accuracy ≈5 nm.

Optical tweezers setup
The optical potential is generated using a 1064 nm fiber laser (IPG
Photonics® YLM-5), with its intensity modulated by an acousto-optical
modulator (AOM—Gooch&Housego®). The laser beam is subsequently
directed to the back-aperture of a 100× oil-immersion microscope
objective (Olympus® UPLxAPO100xO, NA = 1.45), which focuses the
beam into the sample cell, thus creating a harmonic trap. To mitigate
heating effects, the laser power is constrained at 50mW. The samples
are mounted on a piezo-actuated translational stage (Piezoconcept®

LT3.300), enabling trap movement relative to the sample cell. The
sample cell is affixed to a copper block to maintain a constant tem-
perature, controlled at 25∘Cvia awater thermostat. Additionally, the oil
immersion objective, which is in direct contact with the sample cell, is
maintained at the same temperature utilizing an objective heater
(Okolab®). Trap stiffness κ is measured from a static experiment,
wherein the optical potential is derived from the position probability
density function of a particle using the relation V ðxÞ= �
kbT logðPðxÞÞ+ cst = 1

2 κx
2 (note that in the reference frame of the

camera the trap position always fixed to λ ≔ 0).

Synchronization of the camera and the stage
To properly compute the microscopic observables (work, heat, inter-
nal energy) of our experiments, it is necessary to synchronize all the
elements. Each camera frame is triggered by an external analog signal
generated with a function generator (Tektronix® AFG31000). The
piezo-stagemotion is controlled by the same function generator, using
an analog input line. This ensures that both systems are controlled by
the same internal clock of the function generator and stay a priori
synchronized at all times. Additionally, we use a DAQ card (National
Instrument USB-6003), which records both the output exposure signal
of each captured frame and the position of the piezo-driven stage at a
much higher frequency (10 kHz) than the image acquisition rate.
During the analysis, we have a parsing step where we use the recorded
signal of the DAQ card to associate each image with a corresponding
stage position. This ensures synchronization a posteriori and allows us
to detect any issues with the recording.

Fig. 3 | Optimization of work ratio.Work ratio W neq

D E
= W eq

D E
as a function of td

for protocol parameters tneq = 1 s and Δx =0.56μm. Symbols and full line corre-
spond to experiments and simulations in a micellar viscoelastic solution, respec-
tively. Error bars correspond to the standard error of mean (SEM). The dashed line
corresponds to the result of a Langevin simulation of an overdamped particle in a
viscous liquid with the same zero-shear viscosity (as the micellar fluid) which is
subjected to the same driving protocol.
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Protocol parameters
For experiments illustrated in Fig. 1, we used a driving protocol with
td = 3 s and _λ=0:19μms�1, while exclusively varying tneq. Each data
point is obtained from ≈100 repetitions of the protocol, and error bars
are calculated using the standard error of the mean
(SEMðxÞ= std ðxÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðxÞ � 1

p
), where N denotes the number of indivi-

dual measurements. During the protocol, the typical strain length is
ld = 600 nm,which significantly exceeds any of the length-scales of the
WLM. We also checked that the fluid is in the linear regime, ensuring
that the fluid’s properties, specifically its relaxation time, are

independent of driving speed _λ. Moreover, td = 3 s is comparable to the
typical relaxation of the fluid τb ≈ 6 s, which sets the system in a regime
where the non-equilibrium effects aremaximized. This ismade clear in
Fig. 3 where we show that the best ratio of work recovered after the
cycle is obtained for td ~ 3 s.

Absence of energy recuperation in a Newtonian fluid
The presence of ER is a direct consequence of the bath’s viscoelastic
(non-Markovian) properties. To verify the absence of ER in a New-
tonian (Markovian) fluid, we conducted similar experiments using a
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Fig. 4 | Energy recuperation in other fluids. a Average work W ðtÞ� �
(blue line),

exchanged energy EðtÞ� �
(red line), and potential energy V ðtÞ� �

(orange line),
measured inside a 50% water-glycerol solution, which presents purely Newtonian
properties. As expected, we do not observe the presence of energy Recuperation.
b Highlight of step ③, for a 50% water-glycerol solution. For better visualization,
time and E axis were shifted to zero. Faded lines correspond to some of the indi-
vidual E(t) trajectories used to compute the average EðtÞ� �

(red line). Note howhere
EðtÞ� �

always increases monotonically (red arrow), while for single trajectories
(black line), exchanged energy increases non-monotonically and can even dip
below zero (black arrow). c Average work W ðtÞ� �

(blue line), exchanged energy

EðtÞ� �
(red line), and potential energy V ðtÞ� �

(orange line), measured inside a
10 g L−1 TMV solution. Although comparatively smaller than those observed in
CPyCl-NaSal and PAAM solutions, the presence of ER (highlighted in the zoomed
area) demonstrates it is a generic property of viscoelastic baths. d Average work
W ðtÞ� �

(blue line), exchanged energy EðtÞ� �
(red line), and potential energy V ðtÞ� �

(orange line), measured inside a 0.63 wt% PAAM solution. Inset: Differential work
( ΔW neq

D E
in blue), exchanged energy ( ΔEneq

D E
in red), potential energy ( ΔVneq

D E

in orange), and ER amplitude (black) for increasing values of tneq. The resulting
curves exhibit a qualitative similarity to those obtainedwith the 8mMCPyCl-NaSal
solution in Fig. 1c and Fig. 2a.

Article https://doi.org/10.1038/s41467-025-66191-z

Nature Communications |        (2025) 16:10114 7

www.nature.com/naturecommunications


50%water-glycerol solutionwhich leads to a viscosityη≃8mPa s. Note
that this is quite lower than the zero-shear viscosity of the 8mMCPylCl
solution η≃ 300mPa s. However, to reach such high viscosity one
needs a 90% glycerol ratio, which strongly affects the refraction index
of the fluid and makes the optical trapping ineffective.

The results are shown in Fig. 4a, where we plot the average work
W ðtÞ� �

(blue line), energy exchanged with the bath EðtÞ� �
(red line),

and potential energy V ðtÞ� �
(orange line). As expected, even in a

Newtonian fluid, work W ðtÞ� �
can still be extracted on average-at the

expense of potential energy-resulting in a non-monotonic increase.
However, in contrast to non-Markovian systems, the average bath-
exchanged energy EðtÞ� �

(red line) exhibits a purely monotonic
increase. This behavior is emphasized in Fig. 4b, where we zoom in on
the early phase of ③ (see red arrow). We further illustrate this by
showing individual trajectories of energy exchange E(t) (faded lines),
which contribute to the average (red line). When examining a single
trajectory, such as the one highlighted in black (see black arrow), we
observe that the energy exchange with the bath increases non-
monotonically, even dipping below zero. This confirms that in the
absence of hidden degrees of freedom, the internal energy simply
matches the potential energy (U =V), and the energy exchanged with
the bath is purely heat (E =Q), which, on average, must increase
monotonically. All the protocol parameters are provided in Table 2.
For theMarkovian simulations,weemployed the sameLangevinmodel
as before (Eq. (5)), but with a modified friction coefficient
γNewtonian = γ + γb, ensuring both Newtonian and viscoelastic simula-
tions experience identical total friction. Additionally, we set κb = 0,
effectively disconnecting the bath particle from the colloidal particle,
simplifying the Langevin equation to:

ðγ + γbÞ _xðtÞ= � ∇V + ξðtÞ ð7Þ

Energy recuperation in other viscoelastic baths
To further demonstrate that our findings are not specific to certain
materials, but a generic feature of viscoelastic baths, we investigated the
presence of ER in two additional viscoelastic fluids. First, we conducted
experiments with a semidilute 0.63wt% polyacrylamide (PAAM)
solution40,41, which exhibits typical polymer reptation dynamics with a
relaxation time of ~2 s. Second, we investigated a biological system
composed of tobacco mosaic virus (TMV) at a concentration of 10 g L−1.
Due to steric interactions between the rigid, rod-like capsids of TMV42,
the suspension displays weak but noticeable viscoelastic properties,
with a characteristic relaxation time of around 0.2 s. These relaxation
times were measured through recoil experiments38.

Figure 4 c and d, display the time-dependent average work
( W ðtÞ� �

, blue line), exchanged energy ( EðtÞ� �
, red line), and potential

energy ( V ðtÞ� �
, orange line) for the TMV and PAAM solutions,

respectively. In both cases, EðtÞ� �
exhibits a non-monotonic increase,

indicating the occurrence of ER. Additionally, for the PAAM solution

(see inset), we show the work ( ΔW neq

D E
in blue), exchanged energy

( ΔEneq

D E
in red), potential energy ( ΔVneq

D E
in red) differentials, and

ER amplitude (black), for increasing values of tneq. Here, we recover a
qualitatively similar trend to that depicted in Fig. 2a for the 8 mM
CPyCl-NaSal solution. Despite the existing differences in material
properties and relaxation behavior of these systems (more than one
order ofmagnitude for the relaxation time), the presence of ER in both
the PAAM solution and the TMV system indicates that this feature is
generic to viscoelastic baths. The corresponding protocol parameters
can be found in Table 2.

Extracting the parameters of the microscopic model
To obtain the model parameters that match the experiments best, we
use a gradient descent algorithm. We run Langevin simulations of the
full cycle using Eqs. (5) and (6), for iteration i we obtain curves for
Wi

sðtÞ, Ei
sðtÞ, and Vi

sðtÞ. Note that for a faster process, we remove the
noise, so that we only need to compute one instance of the simulation.
We then compare these simulations with the experimental curves
W ðtÞ� �

, EðtÞ� �
, and V ðtÞ� �

. For iteration i, we thus obtain the following
mean square difference:

Si =
Z 1

0
ððWi

s � Wh iÞ2 + ðEi
s � Eh iÞ2 + ðVi

s � Vh iÞ2Þdt ð8Þ

We start with an initial set of simulation parameters (γ0, γ0
b
, κ0

b
), and

compute S0. We perform an initial update of all the parameters (we
start by arbitrarily increasing them by 1%). We then compute inter-
mediate mean square differences in the same way as in Eq. (8), to
estimate the individual impact of each parameter variation and obtain
the initial slope for the gradient descent. In the following the inter-
mediate integrals for iteration i where only γ, γb, or κb have been
updated to iteration i + 1 are noted Siγ, S

i
γB, and SiκB respectively.

Starting with γ, we compute S0γ , and obtain γ2 according to the
following equation:

γi+ 1 = γi � αðSi�1
γ � Si�1Þ=ðγi � γi�1Þ ð9Þ

Here α is a parameter that allows tuning how fast the algorithm can
converge, and how precise the final result is. We typically use an initial
value of α =0.01, but go down to α = 10−4 to fine-tune the final
parameters.We follow the same steps for γ2b , κ2

b , and finally compute
S1 for the next step. All subsequent parameters are then obtained by
iterating on the previously described process. Eventually, the
algorithm converges towards a final set of simulation parameters, that
are then used in the simulations.

In Fig. 5a, we show a comparison between the experiments (thick
faded lines) and the Langevin simulations (full lines), for W ðtÞ� �

, EðtÞ� �
,

and V ðtÞ� �
(blue, red, and orange respectively). All curves correspond

to experiments with tneq = 1 s, and simulations agree very well with the
experiments. As an inset, we also show a typical example of the con-
vergence process for the model parameters γi, γi

b
, and κi

b
, as a

function of the iteration step (here α =0.01). All parameters used for
the simulations are available in Table 3.

Generalized Langevin equation
These two coupled Langevin equations, Eqs. (5) and (6), can be
equivalently reformulated in terms of a single GLE:

Z t

�1
Γðt � t0Þ _X ðt0Þdt0 = � ∇V + νðtÞ ð10Þ

where the memory kernel is given by

Γðt � t0Þ=2γδðt � t0Þ+ κbe
�ðt�t0 Þκb=γb , ð11Þ

Table 2 | Protocol parameters used in the experiments

Solution td _λ tneq teq

- (s) (μms−1) (s) (s)

CPylCl 3* 0.19 1* 50

Water-Glycerol 1 5 0.1 10

PAAM 3 0.13 0.5* 100

TMV 1 2 0.2 9

Parameters with * are varied in some figures.
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and the noise term ν(t) is a colored Gaussian noise with correlation

hνðtÞνðt0Þi =2kBT ½γδðt � t0Þ+ γbe�jt�t0 jκb=γb � ð12Þ

Additional bath particles (e.g., extensions of the micromechanical
model, see below) provide further exponential terms to the memory
kernel, thereby introducing multiple relaxation timescales. This hier-
archical structureof relaxation isdiscussed, for instance, in AppendixE
of ref. 23.

The memory kernel Γðt � t0Þ can also be directly related to the
viscoelastic shear modulus Gðt � t0Þ of the fluid, through the general-
ized Stokes relation:

Γðt � t0Þ=6πrGðt � t0Þ, ð13Þ

where r is the radius of the colloidal particle. In the frequency domain,
this correspondence allowsone to extract the storage and lossmoduli,
G0ðωÞ and G″(ω), commonly used in microrheology.

Stochastic observables in the bath particle model
Starting from Eq. (5) and (6), we can directly apply the stochastic
thermodynamics framework developed by Sekimoto43 to derive key
thermodynamic observables. The total internal energy of the system is
given by the sum of the potential energy in the optical trap, V, and the
elastic energy stored in the viscoelastic bath, Ubath:

U =V +Ubath =
1
2
κðx � λÞ2 + 1

2
κbðx � xbÞ2 ð14Þ

From this, the stochastic work done on the system-arising from
changes in the trap position λ-takes the standard form:

δW =
∂U
∂λ

dλ= � κðx � λÞd λ ð15Þ

We can now explicitly compute the total dissipated heat δQ as the
difference between the work input and the change in internal energy:

δQ= δW � dV � dUbath = � ∂V
∂x

dx � ∂Ubath

∂x
dx � ∂Ubath

∂xb
dxb: ð16Þ

Substituting the expressions for V and Ubath, we obtain:

δQ= � κðx � λÞdx � κbðx � xbÞdx + κbðx � xbÞdxb: ð17Þ

This expression clearly separates into two components:

δQt = � ðκðx � λÞ+ κbðx � xbÞÞd x = ðγ _x � ξÞd x ð18Þ

δQb = + κbðx � xbÞdxb = ðγb _xb � ξbÞdxb ð19Þ

where δQt accounts for dissipation due to the colloid’smotion and δQb

captures dissipation from the relaxation of the bath degrees of free-
dom. These two terms reflect the partitioning of energy flowwithin the
bath particle model.

Two bath-particles model
In the present study, we opted for a single bath particle model to
maintain simplicity in our approach. However, our recent work38

demonstrated the necessity of incorporating a second relaxation time
into the model to fully capture the relaxation process of our viscoe-
lastic fluid. This straightforward extension involves adding a second
bath particle, harmonically coupled to the colloidal particle (see
Fig. 5b, inset), which introduces an additional relaxation time-scale.
Consequently, we obtain a set of three coupled Langevin equations for

Table 3 | Parameters used for the two bath-particles model

κ γ γb κb γb2 κb2
(μNm−1) (μNsm−1) (μNsm−1) (μNm−1) (μNsm−1) (μNm−1)

1.95 0.38 3.45 0.71 14.8 0.24

a
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Fig. 5 | Numerical simulations and 2 bath-particles model. a W ðtÞ� �
(blue), EðtÞ� �

(red), and V ðtÞ� �
(orange) for experiments (faded lines) and simulations (plain lines)

after optimizing the parameters of the one bath-particle model. For a given value of
tneq, the model perfectly matches the experimental observations. Inset: evolution of
the simulation parameters through the iterative process (only for the coarse initial

process).bComparison between the one and two bath-particlesmodels for different
values of tneq. Symbols correspond to experiments, full lines to simulations with the
two bath-particles model, and faded lines to the one bath-particle model. Compared
to Fig. 2a, the extendedmodel exhibits a close agreementwith the experimental data
across all values of tneq, spanning two orders of magnitude.
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all three particles:

γ _xðtÞ= � κbðx � xbÞ � κb2ðx � xb2Þ � ∇V + ξðtÞ ð20Þ

γb _xbðtÞ= � κbðxb � xÞ+ ξbðtÞ ð21Þ

γb2 _xb2ðtÞ= � κb2ðxb2 � xÞ+ ξb2ðtÞ ð22Þ

The model parameters can be obtained from the experimental
data using the same routine as described above. In Fig. 5b, we
show the result of the model (full lines) and compare it to the
experiments for different values of tneq (symbols). For an easier
comparison, we show the previous results (see Fig. 2a) from the
one bath-particle model as faded lines in the background. Clearly,
the addition of a second time-scale allows to for a much better
match of the experimental data, notably for large values of tneq.
As for the case with one bath-particle, these jointed equations can
be combined in a single GLE, where the timescales simply adds
together (see appendix of ref. 23). The set of parameters used
with the two bath-particles model is available in Table 3.

Data availability
The processed data used to generate the figures in this study are
available onFigShareat the following link: https://doi.org/10.6084/m9.
figshare.30365002. Due to the large size and complexity of the raw
experimental data, they are only available from the corresponding
author upon request.

Code availability
The computer code developed for the numerical simulations pre-
sented in this work is available on FigShare at the following link:
https://doi.org/10.6084/m9.figshare.30365002.
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