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The emergence of order from an initially uncorrelated state across a phase transition is a central
problem in quantum many-body physics, particularly in multicomponent systems where interactions
between components lead to rich nonequilibrium dynamics.While defect formation is known to follow
universal scaling laws, prior studies have focused mainly on defect density, leaving their spatial
organization largely unexplored. Here we show that gradually tuning the chemical potential in a two-
dimensional binary Bose gas drives condensation into either a miscible or immiscible phase. In the
immiscible regime, domains form whose number, size, and boundary length obey Kibble-Zurek (KZ)
scaling and evolve self-similarly. In the miscible regime, vortices emerge with KZ scaling. In both
cases, the spatial distribution of vortices and domains is well described by a Poisson point process
with KZ-determined density. These results reveal universal features of far-from-equilibrium dynamics
and provide a framework to characterize stochastic geometry in multicomponent quantum systems.

The dynamics of spontaneous symmetry breaking through phase transition
has been studied in various fields, including cosmology1–3, condensedmatter
physics4–6, ultracold atom systems7–10, and their use for quantum
simulation11–13. Ultracold atomic gases provide an ideal testbed for studying
such dynamics in a controlled and tunable manner. Furthermore, the ability
to drive phase transitions in these systems enables direct probing of universal
scaling laws, such as those predicted by the Kibble–Zurek mechanism
(KZM)1,7,10,14. Ultracold gases thus provide a unique platform for exploring
defect formation and critical dynamics in a nonequilibrium setting. The
cooling dynamics of a thermal gas leading to the formation of a scalar
Bose–Einstein condensate (BEC) of a single component is characterized by
U(1) symmetry breaking and can lead to the formation of solitons or vortices,
depending on the dimensionality15–23. A richer arena is offered by spinor
gases9,24,25 and atomic mixtures26. For instance, in the case of Bose–Bose
mixtures27–29, two interacting superfluid components evolve under external
tuningparameters, suchas chemical potential or interaction strength. In these
mixtures, phase transitions give rise to rich defect structures, including
quantized vortices and spatial domains, whose formation reflects the inter-
play of microscopic interactions and collective critical dynamics.

TheKZMtheorypredicts that thedensity of topological defects resulting
from the critical dynamics scales as a universal power law of the quench time
in which the transition is crossed, with the power-law exponent being
determinedby the critical exponents and thedimensionalityof the system.To
date,KZMhasbeen studied inboth classical andquantumphase transitions10

and tested in various setups, including trapped bosonic gas17,22,30–33, trapped
ions34–36, superconducting vortex systems37,38, and Josephson junctions39.

In this work, we investigate the formation of a Bose–Bose mixture
driven by a linear quench of the chemical potential, resulting in the growth
of either a miscible or an immiscible phase, depending on the inter- and
intra-species interactions. This systemprovides the opportunity to study the
formation of domains and vortices, as well as their universal dynamics, in a
single platform. Domain formation has been explored in various ultracold
systems, including spin-1 spin-orbit coupled BECs40, binary BECs with
internal coupling41, and confined systems in elongated harmonic traps42 and
ring-shaped quasi-1D potentials43. Unlike coherently coupled spinor con-
densates where magnetization gradients develop across domain walls, here
the two components are coupled only through density-density interactions,
and spontaneous phase separation in the immiscible regime occurs purely
via interaction energy minimization.

Using the stochastic (projected)Gross–Pitaevskii equation (SPGPE) in
two dimensions44,45 together with the quench protocol described in the
“Methods”, we focus on the symmetry-breaking dynamics following con-
densation fromvacuum.First, in the immiscible phase,we show thenumber
of domains, domain areas, domain wall lengths, at a characteristic equili-
bration time teq to obey universal power-law behavior with respect to the
quench time τQ. The early-time collapse of domain wall length curves
indicates the self-similar dynamics. Second, in the miscible phase, we
demonstrate vortex formation and verify Kibble–Zurek (KZ) scaling of the
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vortex numbers. Finally, going beyond defect counting, we studied the
universal spatial statistics of vortices in themiscible phase andmeandomain
positions in the immiscible phase, showing that their distributions are well
described by Poisson point processes (PPP), uncovering universal none-
quilibrium dynamics that lie beyond the scope of the KZM. These predic-
tions are amenable todirect experimental verificationusing atomicmixtures
in uniform traps, and can be applied to other fields, such as the circulation
statistics or quantum turbulence.

Results and discussions
Condensate norm evolution and characterization of the
equilibration time
With A being the area of the box, we monitor the growth of the norm
N ðtÞ ¼ ð1=AÞPj¼1;2

RR jψjðx; tÞj2dx of the order parameter correspond-
ing to the symmetry broken phases illustrated in Fig. 1 for different quench
time τQ. Note that the final scaled number density of atoms represented by
N shown in Fig. 1, is consistent with μf/g, where μf is the final chemical
potential after the quench and g is the intra-species interaction strength (see
the “Methods”). Details of the SPGPE formalism44,45, along with a brief
discussion of the numerical parameters, are provided in the Supplementary
Methods. The onset of spontaneous symmetry breaking is signaled by a
sharp increase in the condensate norm, illustrated in Fig. 1a, b, accompanied
by the emergence of protodomains. In the early freeze-out stage (t≪ teq), the
condensate is ill-defined and lacks coherent structure46. A physically
meaningful timescale for analyzing the KZ scaling is the equilibration time
teq, which marks the crossover from exponential to adiabatic linear growth
shown in Fig. 1. The procedure for extracting teq is detailed in the Supple-
mentary Note 1. At teq, which is proportional to the KZ freeze-out time,
isolated protodomains begin to coalesce, signaling the onset of global order
and symmetry breaking46. It follows the KZ scaling similar to that of the
freeze-out time, such that teq / τ0τQ

zν
� �1=ð1þzνÞ

, with zν = 1, consistent
with mean-field exponents z = 2, ν = 1/2, and τ0 being a system-dependent
constant16,23,47–49. Based on our numerical analysis, we extract teq ¼
ð4:97 ± 0:072ÞτQ0:48 ± 0:002 for the growth to the immiscible phase

characterized by g12 > g,with g12 being the inter-species interaction strength,
and teq ¼ ð5:13 ± 0:064ÞτQ0:48 ± 0:002 for the growth to the miscible phase
characterized by g12 < g. Note that in our system, the critical chemical
potential μc, marking the symmetry breaking transition, is not crossed
exactly at t = 0. While this could introduce corrections to the KZM freeze-
out time, we find their effect negligible, with the scaling dominated by the
standard KZ power law; see the Supplementary Note 1 for further details.
The numerically obtained exponentsmatchwell with the KZMpredictions.
Deviations in the fast-quench regime (τQ < 20) indicate a breakdown of KZ
scaling,while the collapse of rescaled growth curves inFig. 1c, d confirms the
slow quench regime. These benchmarks aid to validate the KZMprediction
for topological defect density10,46,48,50: ρ / τ0=τQ

� �ðD�dÞν=ð1þzνÞ
, where D is

the system dimension and d is the defect dimension (e.g., d = 0 for point
defects). In general, thermal vortices may affect the KZ scaling on defect
density.However, using the results in ref. 51, the number of thermal vortices
per total number of bosons in the condensate is expected to be
expð�6:7 × 106Þ for the parameters we used. Therefore, since the total
number of bosons in the condensate is at mostN ðtÞA � 104, the effect of
the Berezinskii–Kosterlitz–Thouless (BKT) transition on the KZ scaling is
negligible, as in the quasi-two-dimensional Bose gas experiment52.

We further aim to capture the evolution of the condensate normN ðtÞ
analytically. To this end, we consider the growth of the complex order
parameter ψj(x, t) governed by the SPGPE in Eq. 7. By neglecting spatial
dependence and stochastic noise, following Suzuki et al.53, the stochastic
partial differential equation can be reduced to an effective time-dependent
ordinary differential equation, given by

ð1� iγÞð gjψjðtÞj2ψjðtÞ þ g12jψ3�jðtÞj2ψjðtÞ � μðtÞψjðtÞÞ ¼ iψ
�
jðtÞ; ð1Þ

where γ is the dissipation parameter and μ tð Þ is the chemical potential (see
the “Methods” for details). UsingMadelung transformation, Eq. 1 becomes

n
�
T ¼ 2γμðtÞnT � γð g þ g12ÞðnT2 þ nM

2Þ � γð g � g12ÞnM2: ð2Þ

Fig. 1 | Scaled number density of atoms for various
quench times.NormN ðtÞ that represents the scaled
number density of atoms is plotted as a function of
time t during growth into a immiscible and
b miscible phases for quench times τQ = [5, 10,
20,…,100], arranged left to right for a single noise
realization. The equilibration time teq (black trian-
gles) scales as teq / τQ

0:48 ± 0:002 for g12 > g [inset of
(c)] and teq / τQ

0:48 ± 0:002 for g12 < g [inset of (d)],
shown by red lines, where g and g12 are the intra- and
inter-species interaction strengths, respectively.
c, d The early exponential growth (t < teq) collapses
when time is scaled by τQ

1=2, except for τQ = 5, 10.
Filled redmarkers on τQ=50 curves in (a,b) indicate
times at which the density profiles are
presented later.
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Here, the total density is nT = n1 + n2 and the population imbalance is
nM = n1 − n2, with n1 = ∣ψ1∣2 and n2 = ∣ψ2∣2. During the growth stage,
population imbalance remains negligible, allowing us to set nM = 0. The
evolution equation then reduces to

n
�
T � 2γμðtÞnT ¼ �γðg þ g12ÞnT2; ð3Þ

which admits an exact solution for the linear quench protocol
μ(t) = μi+ (t/τQ)(μf− μi) where μi is the initial chemical potential before the
quench. The resulting analytical expression for the condensate norm reads

N ðtÞ ¼ nTðtÞ ¼
N ð0ÞeFðtÞ

1þN ð0ÞKMðtÞ ; ð4Þ

whereN ð0Þ is the initial numberdensity scaledby the simulationboxarea at
t = 0 and erfiðxÞ ¼ 2

R x
0e

x02dx0= ffiffiffi
π

p
. Here, K, F(t), andM(t) are defined as :

K ¼ γð g þ g12Þ;
FðtÞ ¼ 2γμit þ γðμf�μiÞ

τQ
t2;

and

MðtÞ ¼
ffiffiffi
π

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τQ

γðμf � μiÞ
r

e�
γτQμi

2

ðμf�μi Þerfi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γðμf � μiÞ

τQ

s
t þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γτQ

ðμf � μiÞ
r

μi

 !
;

respectively. The analytical prediction in Eq. 4 quantitatively reproduces the
numerical evolution of the condensate norm during growth into the
immiscible phase, as shown in Fig. 2a by the thin black curves for quench
times τQ = 50, 100, 200, 500, and 1000, demonstrating that the early-time
condensate growth is well captured by the reduced description. Further, we
consider the KZ scaling of the condensate norm. For a periodic system,

neglecting thermal noise term,nT at the equilibration time is proportional to
the chemical potential at that time as the system adiabatically follows the
change of the chemical potential according to the KZM, giving nTðteqÞ /
τQ

�1= 1þzνð Þ and thus nTðtÞ � τQ
�1= 1þzνð Þf ðt=teqÞ ¼

τQ
�1= 1þzνð Þf ðtτQ�zν= 1þzνð ÞÞ for t ≥ teq where f(x) is some arbitrary function

depending on x. This is consistent with the results in ref. 53 as zν = 1 in our
case, leading to N ðtÞ � τQ

�1=2f ðtτQ�1=2Þ and revealing a similar growth
dynamics for different τQ shown in Fig. 2b. We further analyze the norm
evolution analytically in the miscible regime, as shown in Fig. 2c, where the
analytical solution again captures the numerical growth of the condensate.
In Fig. 2d, we present the appropriately scaled condensate norm, analogous
to the immiscible case, and observe a comparable collapse of the curves for
different quench times, indicating the same universal growth dynamics.

Phase separated regime and self similar dynamics
Domain formation is a characteristic feature of the immiscible phase, where
the two condensate components spontaneously separate in space following
the quench, as shown in Fig. 3a–c.

The system initially develops multiple small domains due to phase
separation driven by interspecies repulsion, seeded by nonequilibrium
fluctuations. The number of domains ND, measured at t = teq, follows a
power-law scaling with the quench time τQ, given by ND / τQ

�2ν=ð1þzνÞ40.
The determination of ND from an ensemble of numerical stochastic reali-
zations is discussed in the Supplementary Note 2. This inverse scaling
indicates that slower quenches allow more time near teq, promoting larger
correlated regions and fewer domains. The extracted exponent 2ν/(1+ zν)
yields values of 0.48 ± 0.017 and 0.49 ± 0.024 for the two species, as shown in
Fig. 3d, averaged over 100noise realizations. These irregular domains evolve
over time t> teq,with the total numberNDdecreasing viadomain coarsening
—a process that merges adjacent regions to reduce interfacial energy by
shorteningdomainwalls. Eachdomainwall separates high- and low-density
regions, with the total length L following the KZM scaling L /
τQ

�ðD�dÞν=ð1þzνÞ ford=1andD=248.At t= teq, thefitted exponent (D−d)ν/

Fig. 2 | Testing the analytical prediction of the
condensate norm. a Time evolution of the con-
densate norm during growth into the immiscible
phase for quench times τQ = 50, 100, 200, 500, and
1000. Thin black curves show the analytical solution
of the condensate norm evolutionN ðtÞ as a function
of time t in Eq. 4, in excellent agreement with the
numerical results (thick colored curves). b Rescaled
condensate norm N τQ

1=2 plotted as a function of
the rescaled time tτQ

�1=2, demonstrating collapse of
the growth curves and universal dynamics. c Same as
(a), but for growth into themiscible phase, where the
analytical predictions again closely reproduce the
numerical evolution. d Rescaled condensate norm
N τQ

1=2 versus tτQ
�1=2 for the miscible phase,

revealing the same universal growth behavior across
different quench times τQ.
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(1+ zν) equals 0.23 ± 0.002 and agreewell with the theoretical prediction, as
shown in Fig. 4a.

Regardless of τQ, the system finally relaxes towards a macroscopic
phase-separated state with L saturating to a value dependent on the system
size. For t ⩾ teq, the domain wall length L scales as
L � τQ

�ν=ð1þzνÞf ðtτQ�zν=ð1þzνÞÞ � τQ
�1=4f ðtτQ�1=2Þ, mathematically

consistent form with the results in ref. 48 and demonstrating universal
collapse before the system reaches the equilibrium steady state. This is
shown in Fig. 4b.

The mean domain area of the respective components at t = teq also
scales with the quench time τQ as A1 / τQ

0:52 ± 0:029 and A2 / τQ
0:48 ± 0:024

shown in Fig. 4c. The domain characterization, including labeling, mean
area, and wall detection, is detailed in the Supplementary Note 2.

Miscible phase and vortex formation
In themiscible phase (g12 < g), vortices spontaneously emerge as a hallmark
of the KZM, which governs nonequilibrium dynamics after a continuous
phase transition. During post-quench evolution, the condensate fragments
into protodomains with uncorrelated phases. As domains merge, relative
phase differences generate equal number of quantized vortices and anti-
vortices with circulation quantized by the Feynman–Onsager rule54–56.

For t ≫ teq with any τQ considered here, following vortex-antivortex
annihilation, the system relaxes into a low-energy miscible state with
complete spatial overlap of the two components.

We determine the vortex number at the equilibration time teq, the
moment when well-formed vortex cores first become clearly identifiable in
the density profile [Fig. 5a–c], marking the maximum in the number of

Fig. 3 | Condensate density evolution of the component 1 of the binaryBose–Bose
mixture in the immiscible phase. a–c Show domain formation and evolution as a
function of time t scaled by the equilibration time teq at the quench time τQ = 50,
corresponding to red markers in Fig. 1a. Color bars represent the norm of the
condensate order parameter. d Shows the domain numberND as a function of τQ on

a log scale, revealing the Kibble–Zurek mechanism (KZM) scaling:
ND1

/ τQ
�0:48 ± 0:017, ND2

/ τQ
�0:49 ± 0:024. Error bars show standard deviations

across 100 noise realizations. Gray shaded area in (d) denotes deviation from uni-
versal KZM behavior, indicating a smooth crossover between fast and slow
quenches.

Fig. 4 | Universality of the domain wall in the
immiscible phase. a Average domain wall length L
for ∣ψ1∣2 at the equilibration time teq as a function of
the quench time τQ (log scale), averaged over 100
runs, showing L / τQ

�0:23 ± 0:002. b Evolution of L as
a function of time t, rescaled by τQ

1=4, for various τQ;
inset shows unscaled L as a function of t from teq.
cMean domain area A as a function of τQ, showing
Kibble–Zurek scaling: A1 / τQ

0:52 ± 0:029,
A2 / τQ

0:48 ± 0:024. Error bars show standard devia-
tions over 100 noise realizations.
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visible vortex cores before subsequently decreasing as a result of annihila-
tion. Notably, in the miscible phase, the vortex or antivortex cores in one
component are filled by atoms of the other, forming coreless vortices. The
yellow dots in Fig. 5c signify this and confirm the presence of coreless
vortices in ψ2

57–59. All of these features have been revealed by our simula-
tions. The quench time dependence of the vortex number NV is shown in
Fig. 5d, revealing the KZM scaling for point defects (d = 0) in 2D: NV1

/
τQ

�0:48 ± 0:019 and NV2
/ τQ

�0:47 ± 0:014 for the two components.

Universal spatial statistics
While KZM predicts universal scaling of the average defect density and
domain-wall length with the quench time, it does not specify how defects
are arranged in space or whether their spatial correlations exhibit addi-
tional universal features. In particular, KZM does not address whether
defect positions are correlated, clustered, or randomly distributed at the
time of formation. Motivated by recent studies highlighting the role of
spatial statistics as an independent probe of nonequilibrium
universality23,60,61, we therefore analyze the full spatial distributions of
vortices in the miscible phase and of mean domain positions in the
immiscible phase. By examining distance and nearest-neighbor spacing
distributions across many realizations, we test whether defect configura-
tions are consistent with PPP determined solely by the KZ defect density,
thereby extending universality from scaling laws to stochastic-geometric
properties of defect patterns.

During growth into the miscible phase, vortices and antivortices
emerge at random positions within each superfluid component at t ~ teq,
with positions varying across noise realizations. To reveal emergent spatial
correlations, we analyze vortex-vortex and mean domain positions (geo-
metric centroids, see the Supplementary Note 3) statistics using a homo-
geneous PPP model, where defect density is governed by the KZM23,60,62.

Accordingly, the vortex distance distribution P(s) is expected to follow
a uniform distribution over a disk of radius R, described by the disk line-

picking formula23,63:

PðsÞ ¼ 4s
πR2 arccos

s
2R

� �
� s
2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s2

4R2

r" #
: ð5Þ

By aggregating data across all realizations, we smooth out realization-
specific randomness and reveal theunderlyinguniversal geometric structure
of defect positions, which matches well with PPP predictions (Fig. 6a).

For further characterization, we compute the first nearest-neighbor
spacing statistics for vortex positions and mean domain positions in each
component23,60. For each vortex, the probability of finding its nearest
neighbor in a shell between s and s + ds is evaluated, ensuring that other
vortices lie beyond radius s. This is repeated across all vortices and reali-
zations. The kth—order spacing distribution is given by refs. 64, 65,

PkðSÞ ¼ 2
ðk� 1Þ! r

2k S2k�1 e�r2S2 ; ð6Þ

where r ¼ Γðkþ 1
2Þ=ΓðkÞ. The spacings are normalized by the mean

nearest-neighbor distance�s, and the resulting normalized spacings S ¼ s=�s
give the final distribution. For vortices, the spacing distribution follows the
Wigner–Dyson formPðSÞ ¼ π

2 S exp � π
4 S

2
� �

, as shown inFig. 6bwith k=1.
A similar analysis in the immiscible phase shows that the mean domain
positions also follow Poisson statistics (Fig. 7a), revealing a comparable
geometric structure at the onset of phase separation. Further, the first
nearest-neighbor statistics of the mean domain positions yields a spacing
distribution, which is in good agreement with the Eq. 6 with k= 2, shown in
the Fig. 7b. This occurs because the size of domains are finite and also a
domain of one component is often separated from its nearest neighbor by a
domain of the other component, as seen in the inset of Fig. 7b. These results
reveal strong spatial correlations and universal spacing statistics in both

Fig. 5 | Condensate density evolution of the component 1 of the binaryBose–Bose
mixture in the miscible phase. a–c Show vortex formation as a function of time t
scaled by the equilibration time teq at the quench time τQ = 50, corresponding to red
markers in Fig. 1c. a–c Highlight the vortex core formation, with blue/red dots
indicating positive/negative winding numbers. Color bars represent the norm of the

condensate order parameter. d Shows the scaling of the vortex number NV:
NV1

/ τQ
�0:48 ± 0:019, NV2

/ τQ
�0:47 ± 0:014, averaged over 100 noise realizations.

Error bars show standard deviations across these realizations. Gray shaded area in
(d) denotes deviation from universal Kibble–Zurekmechanism behavior, indicating
a smooth crossover between fast and slow quenches.

Fig. 6 | Testing Poisson point process predictions
on vortex spatial statistics in the miscible phase.
a Vortex distance distribution, regardless of the charge,
for the component 1 of the binary Bose–Bosemixture at
the scaled time t/teq = 0.930 with the quench time
τQ=50,where s is thedistanceand teq is theequilibration
time. The solid line corresponds to the disk line-picking
formulawithdisk radiusR=17.5 and25bins.bThefirst
nearest-neighbor spacing distribution of vortices for the
same component and quench time, as a function of the
normalized spacing S ¼ s=�s with�s being the mean
nearest-neighbor distance, fitted with Eq. 6 with k = 1
(solid line). Histograms are constructed with data from
400 noise realizations.
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vortex anddomain configurations. Similar features are displayed by the j=2
component, as shown in the Supplementary Note 3.

Note that two different components in the binary BEC (ψ1 and ψ2) are
coupled via the inter-species interaction coefficient g12, affecting each other.
Therefore, it is not trivial that the homogeneous PPP can be applied beyond
the single-component system, because positions of defects in one compo-
nent could be affected by positions of defects in other components (as in Eto
et al.66), possibly breaking “randomly and independently distributed”
assumption of the homogeneous PPP for positions of defects in each
component. Yet, our findings show that our KZM-PPPmodel is valid even
for defects in the binaryBEC (component 1 and component 2, respectively),
at least around the equilibration time teq from when defects can be visibly
detected in the density profile. Indeed, as time goes on, the first nearest
neighbor spacingdistributiondeviates fromourKZM-PPPmodel, as shown
in the SupplementaryNote 3. Still, our results imply that the initial positions
of defects in each component could be considered as “randomly and
independently distributed” points, even if there are interactions between
different components.

As a final remark, since our KZM-PPP model does not take into
account the detailed form of the interaction between defects, it could also be
applied to any multi-component system beyond the BEC.

Conclusions
We have shown that symmetry-breaking transitions in a homogeneous
binary superfluid, driven by a linear quench, exhibit universal dynamics
consistent with the Kibble–Zurek mechanism, which can be extended to
account for the fluctuations in the number and spatial distribution of
topological defects. Our results can be experimentally tested using atomic
mixtures confined in uniform traps, which are ideally suited to probe
dynamical scaling laws without causality-induced corrections ubiquitous in
inhomogeneous systems16,33–35,67.

We anticipate that the spatial distribution of topological defects in
quantum gas mixtures is of relevance to other scenarios, such as the
spontaneous emergence of quantum turbulence after a quench61,68. In such a
context, the incompressible kinetic energy in each component is affected by
the vortex positions in the corresponding component, motivating the
extension of the previous69–71 results to multi-component systems. A com-
plementary approach concerns the study of the circulation statistics within
an arbitrary area in each component and explore extensions ofMigdal’s area
rule61,72.

Methods
We study the dynamics of symmetry-breaking associated with the emer-
gence of nonzero complex order parameters that pertain to the formation of
miscible and immiscible (phase-separated) phases in a steady-state 2D

homogeneous Bose–Bose mixture. To establish a reliable theoretical fra-
mework that captures the effects of fluctuations in the dynamics of con-
tinuous symmetry-breaking phase transitions, we resort to the
SPGPE44,45,73–88, given by

iℏ
∂

∂t
ψjðx; tÞ ¼bP ð1� iγÞ �ℏ2∇2

2m
þ gjψjðx; tÞj2 þ g12jψ3�jj2 � μðtÞ

� �
ψj

	 
�
þηjðx; tÞ

o
;

ð7Þ

wherex≡ (x, y) and∇2 are theCartesian coordinates andLaplacianoperator
in 2D respectively. With γ being the dissipation parameter, ψj(x, t) repre-
sents the classical (C) field for each component (species) j∈ 1, 2, describing
themacroscopically occupied low-energymodes subject to random thermal
fluctuations represented by the stochastic Gaussian noise term ηj. The
projector bP constrains the C field to the coherent region at each time step
(see the Supplementary Methods).

The intra- and inter-species interaction strengths are denoted by g and
g12, respectively. Starting fromadisordered symmetric phasewithψj=0, the
system experiences symmetry breaking and transitions to an ordered mis-
cible or immiscible phase depending on the relative values of g and g12, as the
chemical potential μ is tuned from below to above the critical point. We
implement a linear ramping of the chemical potential μ(t) = μi + (t/τQ)
(μf− μi), with τQbeing the time of the linear quench.At time t=0, the initial
chemical potential is μi = 0.1, and is linearly ramped up to the final chemical
potential μf = 20 at different quench rates 1/τQ. We perform numerical
simulations to investigate the dynamics of the transition to themiscible (g12/
g = 0.5) and immiscible (g12/g = 1.05) phases with g = 1 in a box of size
A ¼ 30 × 30. Defining Esc as the energy scale, the length, temperature, and
time are measured in units of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ2=mEsc

p
, Esc/kB, and ℏ/Esc, respectively,

where ℏ is the reduced Planck’s constant and kB is the Boltzmann constant.
For convenience,we setEsc =μf,p/20whereμf,p is thefinal chemical potential
in physical units (around kB × 0.7 nK if one uses the same parameters in the
quasi-two-dimensional BEC experiment52). Additionally, since γ does not
affect the exponents on the KZ scaling laws89,90, we set γ = 0.05.

Data availability
The data that support the findings of this study are available under a
“Creative Commons Attribution 4.0 International License” on Zenodo
under https://doi.org/10.5281/zenodo.17608491. Representative dynamical
evolutions are provided as “SupplementaryMovies 1 and 2”, illustrating the
evolution into themiscible and immiscible regimes, respectively, along with
vortex nucleation and domain formation.

Fig. 7 | Testing Poisson point process predictions on domain spatial statistics in
the immiscible phase. a Domain distance distribution for the component 1 of the
binary Bose–Bose mixture at the scaled time t/teq = 0.930 with the quench time
τQ = 50, where s is the distance and teq is the equilibration time. The solid line
corresponds to the disk line-picking formula with disk radius R = 15.5 and 25 bins.
b Further, the first nearest-neighbor spacing distribution for mean domain

positions, as a function of the normalized spacing S ¼ s=�s with �s being the mean
nearest-neighbor distance, follows Eq. 6 with k = 2 (solid line). The distributions are
computed at t/teq = 0.930 for τQ = 50, using 25-bin histograms constructed from 400
noise realizations. (Inset) Density profiles jψjj2 of both components (j = 1, 2) at
t/teq = 0.930, plotted together using a threshold of 50% of the maximum density (see
the Supplementary Note 2), from a single noise realization.
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